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Static Stellar Structure

Most of the Life of A Star is Spent in Equilibrium

m Evolutionary Changes are generally slow and can
usually be handled in a quasistationary manner

m We generally assume:
= Hydrostatic Equilibrium

® Thermodynamic Equilibrium

m The Equation of Hydrodynamic Equilibrium

d’r __Gmmnp oP
P dt? r?
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Limits on Hydrostatic Equilibrium

m [f the system 1s not

“Moving” - accelerating
in reality - then d*r/dt? = — Gm(r)p = or - aP

: or dr
0 and then one recovers r

the equation of
hydrostatic equilibrium:

If OP/or ~ 0 then 2
which is just the freefall 9.1 __ GM(N)
condition for which the dt” r>

time scale 1S te
~(GM/R?)-1/2
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Dominant Pressure Gradient

m When the pressure gradient dP/dr
dominates one gets (1/t)> ~ P/p

= This implies that the fluid elements must
move at the local sonic velocity: ¢, = 0P/op.

= When hydrostatic equilibrium applies
V<< C,

m t, >> t where t, 1S the evolutionary time
scale
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Hydrostatic Equilibrium

m Consider a spherical star
= Shell of radius r, thickness dr and density p(r)

m Gravitional Force: | (Gm(r)/r?) 4mr’p(r)dr

m Pressure Force: 1 4r>dP where dP is the pressure
difference across dr

Equate the two: 4ar’dP = (Gm(r)/r?) 47mr’p(r)dr
r’dP = Gm(r) p(r)dr
dP/dr = -p(r)(Gm(r)/r?)
The - sign takes care of the fact that the pressure
decreases outward.
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Mass Continuity

® m(r) = mass within a shell = m(r) = jor 471" p(r)dr’
m This 1s a first order differential equation which needs
boundary conditions
= We choose P, = the central pressure.
m [et us derive another form of the hydrostatic
equation using the mass continuity equation.

m Express the mass continuity equation as a differential:
dm/dr = 47r?p(r).

= Now divide the hydrostatic equation by the mass-
continuity equation to get: dP/dm = Gm/4nr*(m)
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The Hydrostatic Equation in Mass

Coordinates
m dP/dm = Gm/4nr*(m)

= The independent variable 1s m

m r 1S treated as a function of m
m The limits on m are:
mQ0atr=20

= M at r = R (this 1s the boundary condition on the
mass equation itself).

m Why?
m Radius can be difficult to define
m Mass i1s fixed.
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The Central Pressure

Consider the quantity: P + Gm(r)%/8mr?
Take the derivative with respect to r:

E{P , Gm(r)’ } _dP_Gm(r)dm _Gm(r)

4

dr Szrt | dr  4xzr* dr  2xr’

But the first two terms are equal and opposite so the
derivative is -Gm?/2r>.
Since the derivative is negative It must decrease outwards.

At the center m?*/r* —» O and P=P_.. Atr=R P = 0 therefore
P_> GM?/8nR*
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The Virial Theorem

Arr’ — =

am

i(47zr3F’) —47r°3P ar =
dm dm

(rrP) ) [ 3P dm =
P,

Remember :4zr’rdr = dm
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The Virial Theorem

m The term (4zr’P)| 15 0: r(0)=0 and P(M) =0
m Remember that we are considering P, p, and r as
variables of m

m For a non-relativistic gas: 3P/ = 2 * Thermal energy
per unit mass.

JO —dm 2U  for the entire star

I—dm Q the gravitional binding energy
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The Virial Theorem

m-2U=Q
22U+ Q=0 Virial Theorem
m Note that E = U + Q or that E+U =0

m This is only true 1f “quasistatic.” If
hydrodynamic then there 1s a modification
of the Virial Theorem that will work.
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The Importance of the Virial
Theorem

m [et us collapse a star due to pressure
imbalance:

m This will release - AQ

m [f hydrostatic equilibrium 1s to be maintained
the thermal energy must change by:

m AU =-1/2 AQ
m This leaves 1/2 AQ) to be “lost” from star

= Normally it 1s radiated
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What Happens?

m Star gets hotter
m Energy 1s radiated into space

m System becomes more tightly bound: E
decreases

m Note that the contraction leads to H burning
(as long as the mass 1s greater than the critical
mass).
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An Atmospheric Use of Pressure

m We use a different form of the equation of
hydrostatic equilibrium in an atmosphere.

m The atmosphere’s thickness 1s small compared
to the radius of the star (or the mass of the
atmosphere 1s small compared to the mass of
the star)

= For the Sun the photosphere depth 1s measured in
the 100's of km whereas the solar radius 1s 700,00
km. The photosphere mass 1s about 1% of the
Sun.
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Atmospheric Pressure

m Geometry: Plane Parallel
m dP/dr = -Gm(r)p/r* (Hydrostatic Equation)

® R=rand m(R) =M. We use h measured with respect to
some arbitrary 0 level.

m dP/dh = - gp where g = acceleration of gravity. For
the Sun log(g) = 4.4 (units are cgs)

m Assume a constant T in the atmosphere. P = nkT and
we use n = p/umy (1S the mean molecular weight)
SO

P = pk'T/pumy
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Atmospheric Pressure Continued

P = pkT/pmy
dP= -g p dh
dP = -g P(um,/kT) dh
Or dP/P = -g(umy/kT) dh
gmy h
Integrate: P=Pe

_gmy uh

p=pe
s Where: Py=Pand p,=path=0.
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Scale Heights

m H (the scale height) 1s defined as kT / pmy,g

= [t defines the scale length by which P decreases
by a factor of e.

® In non-1sothermal atmospheres scale
heights are still of importance:

s H= - (dP/dh)-! P = -(dh/d(InP))
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Simple Models

To do this right we need data on energy generation and energy transfer but:

m The linear model: p = p.(1-1/R)
m Polytropic Model: P = Kp?
= K and y independent of r

= y not necessarily c¢/c,
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The Linear Model

p=pl-2)

d_P Gm(r)
dr r’

pc(l __)

m Defining Equation
= Put in the Hydrostatic Equation

m Now we need to deal with m(r)
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An Expression for m(r)

dm r
=4’ (1-—

=4nr’p, — 47T p;

7R’p
3

C

Total Mass M =m(R) =
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Equation of Continuity

Integrate from O to r




* We want a
particular
(M,R)

* p. = 3M/aR’
and take P,
P(p.)

* Substitute
m(r) into the
hydrostatic
equation:

L_inear Model

dP  #G ,(4r r°
3 R

2 R)
— aGp (4r 7r:

dr r? Pe

——+
3 3R R’

——
3 9R 4R’
where P, Is the central pressure.

2 3 4
So P=PC—7ZG,002[2r ir ' j
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Central Pressure
At the surfacer=Rand P =0
57Gp.R’
36
P 57Gp.R’ _ 57GR* 9M’

P(R)=P.

=(

- 36 36 x°R°
2
p — SGI\/I4
4R
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The Pressure and Temperature
Structure

m The pressure at any radius is then:

2 3 4
P(r):s—”eprz(1—24r 280 o j

36 5R* 5R’° S5R?

m [gnoring Radiation Pressure:

T :,umHP
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Polytropes

m P = Kp” which can also be written as

m P= Kp(n+1)/n
= N = Polytropic Index

m Consider Adiabatic Convective Equilibrium
= Completely convective

= Comes to equilibrium

= No radiation pressure

m Then P = Kp” where y = 5/3 (for an ideal
monoatomic gas) ==>n= 1.5
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Gas and Radiation Pressure

O Pg = (N k/p)pT = BP
m P =1/3 aT*=(1-p)P
B P=P

m P /B = P/(1-B)
m 1/B(Nk/w)pT =1/(1-B) 1/3 a T*

m Solve for T: T° = (3(1- B)/aP) (N k/p)p

- T = ((3(1- B)/aB) (Nok/w)'> p'*

Static Stellar Structure




The Pressure Eguation

Nk pT
uop

1
(Nokj“g—ﬁ )
p)a g

P

True for each point in the star

If B #{(R), 1.e. 1s a constant then
P = Kp%3

n = 3 polytrope or y = 4/3
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The Eddington Standard Model n =3

Forn=3 pox T’

The general result 1s: p oc T?
Let us proceed to the Lane-Emden Equation
p=Ao"

m A 1s a scaling parameter identified with p, - the central
density

= ¢"1s normalized to 1 at the center.

B Eqn 0: P= Kp(n+1)/n — m(n+1)/n@n+1

= Eqn 1: Hydrostatic Eqn: dP/dr = -Gpm(r)/r?
= Eqn 2: Mass Continuity: dm/dr = 47r?p
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Working Onward

r’ dP
oG dr

Put m(r)in2: 1 {d [rz dpﬂ——szp

Solvel form(r): m(r)=-

r’| dr{ p dr

dP e dg
—=KA " (n+1)¢g"—
dr (n+1y dr

1{d( r? . 2dg )| i
rz{dr[/w” KA ™ (n+1)¢ drﬂ_ 427G
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Simplity

1{d( r e dg )| i
rz{dr(w ENGES H_ 47GAP

Ki’l‘(n 1)—{—( d—¢ﬂ:—47zGﬂ,¢”

dr

R e

dr

1-n

Define a = K21 (@l
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The Lane-Emden Equation

| 5
Zdz\° de

Boundary Conditions:

m Center & = 0; ¢ = 1 (the function); dp/d =0
Solutions forn =0, 1, 5 exist and are of the form:
0 =Cy+C, &+ Cr & + ...

= 1 - (1/6) & + (n/120) &* - ... for £ =1 (n>0)

For n <35 the solution decreases monotonically and ¢ — 0 at
some value ¢, which represents the value of the boundary
level.
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General Properties

For each n with a specified K there exists a family of
solutions which 1s specified by the central density.
= For the standard model:

. [Nokj 31—4ﬂ
pHo)a g

We want Radius, m(r), or m(&)
Central Pressure, Density

Central Temperature
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Radius and Mass

R =ag,

(n+ 1K 2”
[ 477G }/1 <

M (&) =—4ra’A| d( d?j
as
M (&)= [~ 4mr?pdr N,
=—4ara

dg

_ 3 2
=4ra .[ 0 Ag'cTdg Now substitute for a and evaluate at & = &, (boundary)

¢ %)= S ()

M (&) = 472’ jjdf( . d¢
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The I\/Iean to Central Density

[(n+1)K} ( d¢j
dé _é:l

(n n 1)K 3<;n”> &
477G 1
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The Central Pressure

m At the center £=0 and ¢ = 1 so P, = K\n*l/n
m This is because P = Kprtl/n = KAm#Dingntl

= Now take the radius equation

(n+1)K P
[ 47G } 51

1 1
(n+1)§12 2 K/lTn .
477G
1-n 2
SO KAN — 47Z'GR2
n+1)¢
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Central Pressure

I-n I-n
P=KA"A*=KA" p’
- -2

_47GR* | § 1 5
(n+1)&2 E (d¢/d§)§l_
16

But Mz%ﬂR{E SO |\/|2:37Z2R6,52

s _ 47GR? _51 ] T OM >
o (n+DE 3(d¢/dz§)§1 167°R°

om0 ]
47R*(n+1) (dg/dg),
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Central Temperature

N Kk
Pg =— IOCTC :IBCPC
)

which means

T - A
NOkIOc
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